We develop and study a D-brane realization of 4D N = 2 super Yang-Mills theory. It is a type IIB string theory compactified on R 6 × K3 and containing parallel 7-branes. It can also be regarded as a subsector of Vafa's F-theory compactified on K3 × K3 and is thus dual to the heterotic string on K3 × T 2 . We show that the one-loop prepotential in this gauge theory is exactly equal to the interaction produced by classical closed string exchange. A monopole configuration corresponds to an open Dirichlet 5-brane wrapping around K3 with ends attached to two 7-branes.
Introduction
Much progress has been made in understanding dualities in supersymmetric YangMills theories (SYM) and string theory. [1, 2] It is especially striking that field theory duality can be viewed as consequence of string dualities. As one example, the self-duality of N = 4 SYM can be understood as a consequence of self-duality of N = 4 heterotic string compactified on R 4 × T 6 . If one places parallel 3-branes [3] in the type IIB theory on R 10 , one obtains a N = 4 4D gauge theory as the world-volume theory [10] , and the self-duality of SYM is a consequence of the self-duality of the type IIb theory in ten dimensions. Dyon solutions of the world-volume theory have an interesting 10D spacetime interpretation, explored in [12, 13] . As another example, the celebrated Seiberg-Witten solution of N = 2 SYM can be found using type II-heterotic duality in four dimensions [14] . Given that the N = 4 SYM can be realized by D-branes, naturally one would like to know whether N = 2 SYM can also be realized as a world-volume theory of D-branes. This paper will give such a construction.
We shall first discuss various D-branes with some compact dimensions wrapping around holomorphic cycles in K3 in section 2. Detailed analysis is given to a realization using parallel 7-branes in section 3, where we also discuss its relation with F-theory. In section 4, we discuss the one-loop prepotential, while in section 5, we study the equivalence of monopoles in the gauge theory and D-branes, and show that in the 7-brane construction a monopole corresponds to an open 5-brane wrapping around K3.
Branes in R 6 × K3
Compactification of the type IIB theory on R 6 × K3 produces a chiral six dimensional theory with (0, 2) SUSY, reducing to N = 4 SUSY in 4D. Introducing D-branes will break at least half of this supersymmetry. If it is half, the world-volume theory will be a (0, 1) SYM in 6d. If N D-branes fill four of these six dimensions, their world volume theory will be N = 2 SYM in 4d with gauge group U (N ), so this is a natural setting for our project.
We consider the type IIB theory, with Dp-branes for all odd p. An N = 2 SYM in 4d could be produced by wrapping 7-branes around the entire K3, wrapping 5-branes around a holomorphic curve, or placing 3-branes at a point in K3.
The 4d matter content is found by reducing the world-volume theory on K3. Let Σ be the 2n-cycle about which the D-branes are wrapped; then the 4d matter is a sigma model whose target is the moduli space of vacua of a twisted U (N ) gauge theory on Σ with scalars in the normal bundle to Σ. [20] For Σ = K3, the moduli space is the space of flat connections on K3, which is trivial.
The 4d theory is pure SYM.
In the case Σ = pt, the 4d matter is a sigma model on K3 × V where V is the adjoint representation of U (N ). Such sigma models can be gauged (preserving N = 2 SUSY) if V is a real representation of the gauge group. This theory has the matter content of N = 4 SYM, broken to N = 2 by the curvature of the K3.
Finally, for Σ a holomorphic curve, the 4d matter fields parameterize the moduli space of solutions to a Hitchin system [20] , which can produce other charged matter. We will not discuss this interesting case here, except to mention that for genus zero, one again obtains pure SYM.
7-branes and F-theory
We proceed to study a system of N 7-branes wrapped around K3. Since the space transverse to a 7-brane is two-dimensional, it has a deficit angle at infinity, calculated to be π/6.
[6] Furthermore, the dilaton and axion are non-constant. Non-compact multi-brane solutions can be found with N ≤ 12 branes.
Another option is to take N = 24 for which the total curvature is 4π and the transverse space closes into an S 2 . As pointed out by Vafa [7] , to get the total monodromy of τ around the 24 branes to vanish, we are forced to take not just D-branes but in addition "(p, q)"-branes, SL(2, Z Z) images of the basic D-brane.
Vafa has proposed that this system of 7-branes on IR 8 × S 2 is a strong coupling dual of the heterotic string on IR 8 × T 2 . It can also be regarded as a compactification of "12-dimensional F-theory" on K3. Thus, the theory we are considering is F-theory on K3×K3, a strong coupling dual of the heterotic string on K3 × T 2 .
An important point is that the dilaton and axion in the type II theory are determined by the equations of motion, and are no longer moduli. The duality transformation on the low energy Lagrangians relates the parameters in the dual theories (here α ′ = 1) as
The weak coupling limit is small S 2 . Here M II and M h are generic mass scales in eight dimensions in the two theories. Note that a heterotic state with M ∼ 1 is related to a type II state with M ∼ V (S 2 ) 1/2 , for example a string stretching between 7-branes.
Up to 18 of the 7-branes can be Dirichlet or (1, 0) branes. Although our subsequent analysis will consider only this sector, let us first make a few comments about (p, q) 7-branes. First, since there is no local way to determine (p, q), each 7-brane will come with a U (1) gauge symmetry, and the total gauge symmetry from 7-branes is U (1) 24 . Duality with the heterotic string will require this U (1) 24 to be broken to U (1) 20 , but this must be due to global effects. Encircling a Dirichlet 7-brane induces the SL(2, Z Z) monodromy T on SL(2, Z Z) doublet fields, for example (B (2) 
One should keep in mind that this monodromy takes states to equivalent states described in different conventions. For example, taking a (p, q) string around the D7-brane produces an object with the same tension, because both (p, q) and the dilaton-axion transform. We could define a (p, q) 7-brane in two ways. One way is to start with the Dirichlet 7-brane and apply a general SL(2, Z Z) transformation g = p r q s . The resulting solution depends on the integers (p, q, r, s) (with ps − qr = 1). However, before accepting the conclusion that a (p, q, r, s) brane is different from a (p, q, r ′ , s ′ ) brane, one should show that this is a physical difference between the branes and not just the backgrounds. In particular, the SL(2, Z Z) monodromy produced by encircling the brane, gT g −1 , depends
Another definition is that we label the 7-brane by the type of objects which can end on it. Consider a 7-brane which is an allowed endpoint for (p, q) dyonic strings, and (t, u) dyonic 5-branes. Such an object would necessarily have world-volume couplings
whereB (6) is the dual of B (2) [12] .
However, such couplings are only sensible if the fields involved are single-valued. This requires (t, u) to be n(p, −q) (for n integer), and thus the 1-brane and 5-brane to be mutually local. If we assume that the gauge field is invariant under SL(2, Z Z), transforming the known D-brane couplings produces
in agreement with the above considerations with n = 1.
We conclude that the evidence is consistent with a 7-brane labelled by the two integers (p, q) with p ≥ 0. (The overall sign of (p, q) can be set by using the freedom to take F → −F .)
As we commented, duality with the heterotic string requires the U (1)
24 of the 7-branes to be broken to U (1) 20 . A sign of this can be seen by considering the neighborhood of a group of N mutually local branes, with broken U (N ) gauge symmetry. There, the couplings (3.3) will allow the locally single-valued tensor pB (2) + qC (2) to 'eat' the diagonal U (1) gauge boson (the Cremmer-Scherk mechanism [11] ), breaking this U (1). We will find in section 4 that this breaking will solve a paradox associated with loop effects. Understanding the global reduction of the gauge group is more subtle and we will discuss this in [22] .
After further compactification on K3, the effective four dimensional gauge coupling
, where V (K3) is the volume of K3, and the small volume limit of K3 is the strong coupling limit of the four dimensional effective theory. Of course this is classical and in this N = 2 theory, the coupling constant will be renormalized.
Renormalization
The string coupling constant for type II theory on the background R 6 × K3 does not receive renormalization, thanks to its (0, 2) supersymmetry. However, the D-brane worldvolume N = 2, d = 4 SYM has a beta function, non-zero at one-loop. It can be expressed as a quantum correction to the prepotential of an effective theory valid in the case of gauge symmetry breaking to U (1) N [4, 5] : 
in the effective Lagrangian can be seen by doing this calculation in a constant background field F . A priori, we would expect this result to be valid for |a i −a j | 2 << α ′ , while for larger
separations the massive open string states could give equally important contributions. As it will turn out, (4.2) is exact.
The annulus diagram has a dual interpretation as a closed string exchange between the branes. Thus the one-loop prepotential can be obtained by a purely classical computation: we need to find the closed string source corresponding to the constant background field F ; then the amplitude will be a weighted sum of free particle Green's functions.
In the large separation limit |a i − a j | 2 >> α ′ , it will be dominated by massless closed string exchange. It is amusing to see that the prepotential will also be logarithmic in this regime, simply because it is proportional to the free massless Green's function G(X i − X j ) in two transverse dimensions.
In section 3 we considered the couplings to massless closed string fields present before compactification on K3. Their couplings respect N = 4, d = 4 supersymmetry and should not lead to a beta function. The new fields on K3 are zero modes produced by using harmonic forms. Besides the volume form, there are 19 anti-self-dual and 3 self-dual twoforms. Reduction of C (4+) on these produces tensor fields with couplings on the effective 3-brane volume of the form
We would expect a 7-brane to couple with equal strength to each, leading to the result A ∼ (19 − 3)Q 2 log X. The charge Q might in principle depend on the type of (p, q) brane.
To get the exact result and check the normalization, we now do the one-loop open string computation for the orbifold T 4 /Z 2 . We consider two D7-branes on each with a constant electric field
. Quantization of open strings stretched between these branes is done as in [3] , except that two longitudinal coordinates are quantized in the background fields E i . This was done in [8] , and we shall make use of their results. Let L 0 denote the open string Hamiltonian. The orbifold projection R acts as
Equivalently, writing R = R b R f where R b acts only on bosons and R f only on fermions, R f = (−1) F 2 where F 1 is fermion number associated to R 6 and F 2 fermion number associated to T 4 . We also use the convention (−1)
The one-loop amplitude is then
where q = exp(−2πt) and e 2πiF = −1 in the Ramond sector.
Let us separate the untwisted and twisted closed string sectors by regrouping the projections:
The untwisted sector (the first term on the right) produces half of the one-loop result on T 4 . It can be obtained by combining results of [3] and [8] :
with πǫ = tanh
The sum p in (4.7) is over internal momenta associated to torus T 4 . Expanding to
, it is easy to see that at both limits t → 0 and t → ∞, all terms cancel. Thus by general properties of modular functions the integrand must vanish. The nonvanishing part to quadratic order in E comes from the second term, the twisted sector, and solely from the (open string) NS sector: it is
(4.9)
Since this comes from the twisted sectors, it is independent of internal momentum, therefore independent of the size and shape of T 4 /Z 2 .
It is easy to see that the bosonic trace is tr R b q L 0 = n=1 (1 + q n ) −4 . Furthermore, the expression in square brackets can be simplified (by expanding 1/(1 −q 2n−1 ) 2 , summing over n and using theta function expansions) to n=1 (1 − q n ) 4 (1 + q n ) 8 . Finally, n=1 (1 + q n )(1 − q 2n−1 ) = 1 and the massive contributions all cancel:
The integral is divergent at t → 0, which means closed string proper time 1/t → ∞. This is the usual space-time IR divergence of the two-dimensional bosonic Green's function given sources of non-zero total charge. One response to this divergence is simply to work with N ≤ 12 branes and a noncompact space, identify it as the signal of growing fields at infinity, and ignore it. This is not a very satisfying response however as it means that a subsector of a larger theory would couple strongly to subsectors far away in X.
Let us consider a group of mutually local 7-branes, far away from the rest of the system. For such a group, the total source in (4.3) will be the field strength F in the diagonal U (1). As we argued in section 3, this will be broken. Thus the total source will be zero and the IR divergence produced by this group will cancel.
In the theory with N = 24 branes, the two dimensions are compact, and consistency of the equations of motion requires the total charge i Q i F i and thus the IR divergence to cancel. Not having the contributions from all (p, q) branes under control, we cannot prove that this works, but given that there are 4 broken U (1)'s for which F is guaranteed to be zero, one can hope that the total source Q i couples to one of these. If so, cancellation of the total IR divergence will imply that the α ′ in (4.10) cancels out of the final result.
Thus, in a subsector, the scale Λ in (4.1) will be set by global effects. The final result is that the one-loop prepotential has precisely the form (4.2). We can think of it as either coming only from the lightest (no oscillator excitation and m = |X|/α ′ ) open string loops, or the massless closed string exchange. There is a simple argument for the absence of higher open string corrections to these results. In similar calculations such as [9] , it was seen that the one-loop result (4.1) only received contributions from BPS states; the contributions of non-BPS states cancelled. In the present problem, the central charge of a particle state is determined by its U (1) 20 charge, which is determined just by the endpoints of the string. Thus any oscillator contribution to the mass will raise it above the BPS bound.
Although the fact that an amplitude involving a finite number of states can be dual in the world-sheet sense may be surprising, this is a common feature of two-dimensional string theories. Here we see that it can be true of a two-dimensional subsector of a physical string theory.
There are additional E 2 1 and E 2 2 terms in the result, which could have been predicted by the absence of states charged under the overall U (1). These must come from exchange of the fieldsB (0) andC (0) , with both a tadpole and a source F 2 . IR divergences must cancel for all three fields separately; we believe that enforcing the condition 0 = Tr F 2 − tr R 2 will be necessary for this. Further corrections to the prepotential will be due to instantons, which in this picture are 3-branes wound around K3. To explore the relation between the two descriptions, we take N = 4 SYM with adjoint fields A µ and X I , 4 ≤ I ≤ 9, and consider a vacuum with the two 3-branes at X 4 = ±c/2, the other X I = 0. We take α ′ = 1. In a one monopole solution (written using a single gauge patch) we have [21]
so asymptotically X 4 = −c/2σ 3 , but in the core, the distance approaches zero, reaching zero at r = 0.
Far outside the core of the monopole, the two 3-branes are separated in transverse space, while they become indistinguishable at the core. The geometry is similar to that of the D1-brane and in this description we can think of the lightness of the W 's and the gauge symmetry restoration at the core as coming from the possibility that an open fundamental string can bend to touch the D1-brane, forming a dy-string there which costs zero energy.
This picture also suggests that the RR fields produced by the monopole and 1-brane have the same structure in space, which is not hard to verify.
Amusingly, in this non-singular gauge, the question of "which" 3-brane is at which point X 4 = ±c/2 at infinity depends on which direction one goes out to infinity! Of course this is not a gauge-invariant statement and after introducing two gauge patches, the non-trivial behavior takes place only in the core.
* After this section was completed, the papers [23, 24] 
where H is a sum of the field strength of all R-R tensor fields, F is the field strength of gauge field as a two-form. The term D µ φ i dx µ ∧ b i is the T-dual version of F . The symbol b i stands for * dx i * , when it acts on a form its effect is to eliminate the factor dx i in that form, otherwise the result is zero.
For a single D-brane, J is just the world-volume current J = δ(
For a system of multi-branes, J needs some elaboration. For two parallel D-branes, the single delta-function is replaced by a sum of two delta-functions. This sum can be understood as coming from action of the zero mode of the world-sheet fields 1 For related considerations, see [17] .
For two 7-branes, * J is a two-form in the transverse space. Expanding the R.H.S. of (5.1), we obtain the first term * J which provides a source for * H (9) . This is the standard result, with charge given by
where S 1 encircles 7-branes. The next term upon expanding (5.1) is proportional to
, providing a source for * H (7) , the electric field corresponding to a 5-brane. Using the delta-functions, it is easy to see that this electric field is confined in between the two 7-branes, but the explicit form is complicated. To compute the charge, it is better to consider the average of the charge 1 c
here S 3 encircles the 5-brane. This integral then becomes
Make use of eq.(5.1) and the delta-functions, the integral is reduced to a 3D integral on the world-volume. We then use the self-duality of the monopole solution to arrive at One may ask what happens to other open branes with ends on 7-branes. For example one may imagine an open 3-brane with two compact dimensions wrapping around a holomorphic curve in K3. To generate such a configuration, apparently the internal fields A a would have to be switched on. From eq.(5.1), one easily see that A a must be nonvanishing along the holomorphic curve. Similarly, an open one-brane demands all four components A a be switched on. From the point of view of the effective four dimensional theory on the world-volume of 7-branes, these configurations cost much energy.
Discussion
We have exhibited in this paper D-brane realizations of N = 2 super Yang-Mills theory in four dimensions. Using a realization as 7-branes in the type IIB theory on R 6 × K3, we computed the one-loop prepotential and exhibited monopoles as 5-branes.
The prepotential turned out to have a dual interpretation as the classical force between gauge field excitations on the branes, mediated by closed string exchange. It would be very interesting to obtain Seiberg and Witten's solution (and its SU (N ) generalization by Argyres et. al. and Klemm at. al.) in this picture.
The theory fits naturally into a compactification of 'F-theory' on K3 × K3 and is dual to the heterotic string on K3 × T 2 . We believe that with further work to make the map between the theories more explicit, it will be possible to relate the one-loop results here to exact results for the one-loop prepotential in the heterotic theory.
